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RELAXATION OF A FLUIDIZED BED TO THE STATE OF A CONTINUOUS MEDIUM 

V.  P .  M y a s n i k o v  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  Vo l .  8, No .  4, pp.  4 0 - 4 4 ,  1967 

The kinetic equation proposed in [1,2] for describing the behavior of 
a system of particles in a gas flow differs from the usual Boltzmann 
equation with respect to the additional terms that take into account 
random variations of the particle velocity under the influence of the 
flow. As shown in [2], the collision operator and the Brownian-type 
operator in the starting kinetic equation describe essentially different 
simultaneous physical processes of change of state of the particle sys- 
tem: equalization of the mean kinetic energy of the particles and 
change of energy due to the action of the viscous forces associated with 
the suspending flow. Therefore the method of solving the kinetic equa- 
tion used in [2], a direct generalization of the Chapman-Enskog 
method of solving the kinetic equation it is necessary to investigate 
method of solving the kinetic equation it is necessary to investigate 
the relaxation processes in the system. Moreover, the relaxation of 
systems of the fluidized-bed type to the continuum state is also of in- 
dependent interest in connection with the analysis of fast processes 
in the system, i . e . ,  processes with a characteristic duration of the 
order of the mean free time. 

w The s t a r t i n g  k i n e t i c  e q u a t i o n  [1, 2l h a s  the  f o r m :  
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w h e r e  m is  the p a r t i c l e  m a s s ,  and the e q u a t i o n s  fo r  
d e t e r m i n i n g  the  d y n a m i c  b e h a v i o r  o f  the  g a s  f low 
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H e r e  f ( t ,  x, u) is  the  s i n g l e - p a r t i c l e  d i s t r i b u t i o n  f u n c -  
t ion n o r m a l i z e d  by the  m e a n  n u m b e r  of p a r t i c l e s  p e r  
un i t  v o l u m e ,  C ( f f )  i s  the  c o l l i s i o n  o p e r a t o r  [3], U i s  
the  p o t e n t i a l  e n e r g y  of the  e x t e r n a l  m a s s  f o r c e s ,  qi 
a r e  the  c o m p o n e n t s  of the m e a n  c a r r i e r  f l ow v e l o c i t y  
a long  the  a x e s  of the  f i xed  C a r t e s i a n  c o o r d i n a t e  s y s -  

t e m  x i, and �9 i s  s o m e  known func t ion .  

M o r e o v e r ,  we  h a v e  

n =  du, w ~ = - ~  u, ddu, 

{ t  0 In (I)~ B = Dq) . ~ ~d j ((As)~> ' 

s = i - - n v  o.  ( 1 . 2 )  

H e r e  v0 i s  the  p a r t i c l e  v o l u m e ,  D i s  a c o n s t a n t ,  and 
((Ae) 2} i s  the  m e a n - s q u a r e  f l u c t u a t i o n  of the r e l a t i v e  

v o l u m e  o c c u p i e d  by the  g a s  f low.  

T h e r e  i s  a n a t u r a l  r e l a t i o n s h i p  b e t w e e n  E q .  (1.1), 
the  t r a n s p o r t  e q u a t i o n s  
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H e r e  H i s  the  g a s - f l o w  p r e s s u r e  and P0 i s  i t s  d e n s i t y .  

In  (1.1),  (1.3),  and (1.4),  a s  e v e r y w h e r e  in wha t  
f o l l ows ,  the  s u m m a t i o n  c o n v e n t i o n  a p p l i e s  ( f r o m  1 - 3 ) .  

T h e  q u a n t i t i e s  Q ~  and P~fl  in (1.3) a r e  d e t e r m i n e d  
in the  u s u a l  way  [3]. 

w W e  d e n o t e  by L the c h a r a c t e r i s t i c  m a c r o s c o p i c  

s c a l e  of the  s y s t e m  in ques t i on ,  by X the  m e a n  d i s t a n c e  
b e t w e e n  p a r t i c l e s ,  and by w and c the c h a r a c t e r i s t i c  

m a c r o s c o p i c  v e l o c i t y  of the  m i x t u r e  and the  m e a n  r a n -  
d o m  v e l o c i t y  of the  p a r t i c l e s ,  r e s p e c t i v e l y .  

A s  is e a s i l y  s een ,  E q s .  (1.1),  (1.3),  and(1 .4 )  p e r m i t  
the  i n t r o d u c t i o n  of the  f o l l o w i n g  c h a r a c t e r i s t i c  t i m e  
s c a l e s :  a) m e a n  f r e e  t i m e  b e t w e e n  two s u c c e s s i v e  c o l -  
l i s i o n s  T 1 = k/c ;  b) m e a n  p a r t i c l e  v i s c o u s  d r a g  t i m e  
~-2 = 1 /0 ;  c) c o n v e c t i v e  t i m e  1-~ = L /w;  d) c h a r a c t e r i s -  

t i c  s p a t i a l  n o n u n i f o r m i t y  d i f f u s i o n a l  s m o o t h i n g  t i m e  
~'4 = L2/kc .  

I f  we  d e n o t e  by l the c h a r a c t e r i s t i c  s c a l e  of v i s -  
cous  d r a g  l = c / 0  and i n t r o d u c e  the  d i m e n s i o n l e s s  

p a r a m e t e r s  

a - ~ . / L ,  ~ = l / L ,  M = w / c ,  (2.1) 

then  f o r  the r a t i o s  of the  a b o v e - m e n t i o n e d  t i m e  s c a l e s  
we  h a v e  

"~ l "q = ~ l a, % l "q = t l Ma,  

v 4 / x l  = l / a  ~. (2.2) 

W h e n  M ~ 1 and c~ << 1 we a l w a y s  h a v e  ~-1 << ~" a << 
<< ~-4" T h e  r a t i o  7"2/~- 1 m a y  v a r y .  W e  no te  tha t  ~-2/T1 = 
= l l X .  W h e n  the s u s p e n d i n g  f low has  low v i s c o s i t y ,  we 
h a v e  ~-i << T2. M o r e o v e r ,  i f  T4 << T2, the  s y s t e m  b e -  
h a v e s  l i ke  an o r d i n a r y  g a s  and the s u s p e n d i n g  f low a f -  
f e c t s  only  the  s m o o t h i n g  of the  s p a t i a l  i n h o m o g e n e i t i e s  
of t he  s y s t e m .  T h e r e f o r e  the m o s t  i n t e r e s t i n g  c a s e  i s  
tha t  in w h i c h  fl ~ 1 and T2 is  c o m p a r a b l e  in m a g n i t u d e  
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with T~. Under t hese  cond i t ions  the gas  flow wi l l  have an 
i m p o r t a n t  inf luence  on the dynamic  b e h a v i o r  of  the s y s -  
tem, s ince  the d i m e n s i o n s  of the s y s t e m  a r e  of the 
s a m e  o r d e r  as  the s c a l e  of v i s cous  d r a g .  

In a c c o r d a n c e  with the me thod  p r o p o s e d  in [4], we 
s e e k  the so lu t ion  of (1.1), (1.3), and ( 1.4) in the f o r m  of 
a s e r i e s  in power s  of a s m a l l  p a r a m e t e r  

f = rio) + col<t) + a~](~) + . . . .  (2.3) 

the funct ions  f ( i )  depending  on the v a r i a b l e s  

](i) = l(~) (to, Q, t~ . . . .  ; u, a-~x), (2 .4 )  

where  

t o = t, t l  -~ at ,  t~ = a~t . . . . .  (2.5) 

Then the d e r i v a t i v e  o f f  with r e s p e c t  to t ime  is  
w r i t t e n  in the f o r m  

al = o1 (0} ~_ ( oi(o) o/a) 
at oto - ~ ~,--X7. + ~ ) + 

/ 0](07 010) O](m \ 
+ a '  ~-~-z  + ~ + - ~ - - )  + . . . .  (2.6) 

We a l so  a s s u m e  that  the s p a t i a l  nonun i fo rmi ty  of 
the s y s t e m  is  r e l a t i v e l y  s m a l l  and that  the s p a t i a l  d e -  
r i v a t i v e s  in (1.1) , (1.3) ,  and (1.4) a r e  of the o r d e r  of c~. 
F r o m  the a s s u m p t i o n  r 2 ~-r~ i t  fo l lows that  

~P = a A. (2.7) 

The  quan t i t i e s  w i, n, 0, A and B e z ,  wi l l  be c e r t a i n  
func t iona ls  o f f ;  t h e r e f o r e  for  each  o f  t h e s e  quan t i t i e s  
t h e r e  wi l l  be an expans ion  ana logous  to (2.3): 

we = w~(~ + ~r + ~w~(~) + . . . ,  

n = n(07 + an(~) + ~r -4- . . . .  

0 = 0 (07 + ~0 (~) + a~O(~A + . . . .  

a A  = a A  m) + ~ A  (~) + . .  , ,  

B = a B  (~ + a~B m + . . . .  

B ~  = a B ~  ~ + :r 0 + . . . .  (2 .8 )  

w Subs t i tu t ing  (2.3) and (2.6) into (1.1), (1.3), as  
the z e r o - o r d e r  a p p r o x i m a t i o n  we have  

Of~ = C (fo>/m~), 

Owi(~ ~ On(~ = O0(~ = 0 .  (3 . i )  

The expansion of Eq. (1.4) wi l l  not be a part of 
the zero-order approximation, if we note that for 

the case of a gas carrier, as follows from the known 

expressions [5, 6] for the function (~, we have Po/Pd 
~ r ~ ~i, where Pd is the density of the solid. 

From (3.1) it quickly follows that as t O ~ ~o the func- 
tion f(0) ~fM' the Maxwellian distribution function. 
In order forfM to correspond to the initial distribu- 
tion~ in the Chapman-Enskog method, we require that 

w~ ~)~w i, n (~ 0 (~)~ 0 as t o ~o. Moreover, it 
is obvious that 

P~(~) - - -~- -p6~,  Q2~  as  t,,--~co, (3.2) 

The equations of the first approximation are written 
in the form 

O/(I) 0/(o~ O](o) 
Oto + - ~ C  + ui o~-~ + 

+[ A<O> (qe(O) w (O>) __~]  O~ (~ 
Ou e --  

�9 of(o) ] 0 A(0) (u e __ we(OT) ](o) + Be~O) -g~-u~ ] -{- 
Ou i 

+ C (1<o~1(~)) + C (i(:)1(o7), (3.3) 

8a< l)  On(o) On (~ wi(O) 

Oto + - ~  + o ~ =  ~ 

\--~-~ + --~iy o-K--~ / = 

= Oz~ + A(o) (q~(O) __ wt(o)) __ ~ 

(3.4) 

(3.5) 

00(0) ~ 00(1) I ~ (0) ~0 (0) 
Ot 1 i Oto V w~t - ~  ~-- 

= ~ [aQi (~ owt(~ 
3~(~ k o~ + p~o7 o~,~ ] + 

+ + roB(~ I q(o) ~ w(O) i~ __ 2Am)O(o). (3.6) 

In e x a c t l y  the s a m e  way  fo r  the c a r r i e r  f low, we have 

e-~[n(o)vow~(~ + (1 nm)v,) qi~0~l = 0 

Po (1 --  n(~ Oqi(~ _ 
mn(O) ot Oto 

t OII (~ 
m n  (o) Ox t 

A (~ (qim) ~ w~(~ (3.7) 

From the first of relations (3.7) it follows that 

Oq}~ = 0. In order to eliminate the secular terms 
in (3.4), we require that 

Ohm / ato = O. (3,8) 

Then from the condition that n (~ ~ n as t o -~ ~, w e  
obtain n (1) = 0. Similarly, eliminating the secular 

terms from (3.5) and (3.6), we have 

Ow~ (0 OPi~~ Op 
ran(~ Oto = ' - O x j  -]- 8x e ' 

00 (U 2 [OQJ c) awe(~ ] 
arc" --  3,>7 [--0W-~ + (P2) + P%) -o-xy ]" (3.9) 

Equations (3.2) determine the transition;al behavior 
of wi(1) and 0 (I) if the transitional behavior off (~ is 
known. And, finally, the asymptotic behavior of the 
functionf (I) is determined by the equation 

01 M 0 ] ~ 
Ot~ +- u~ -~-~_ + I A  (~ (</i(o) - -  w~(O)) au 

--  a,q~ [A(O) (u, __w~(o))/M -r' B,j(~ -0~-Ja/~• 7 + 

(3.zo) 
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w h i c h  c o i n c i d e s  w i t h  t h e  s e c o n d  a p p r o x i m a t i o n  in  t h e  
C h a p m a n - E n s k o g  m e t h o d .  T h e  a s y m p t o t i c  v a l u e s  of  

Qti ~)' a n d  P!~) g i v e  t h e  e x p r e s s i o n s  o b t a i n e d  in  [2 I .  C o n -  

t i n u i n g  t h e  e x p a n s i o n ,  w e  c a n  o b t a i n  t h e  n e x t  t e r m s  of  
t h e  s e r i e s  a n d  t h e  e q u a t i o n s  f o r  d e t e r m i n i n g  t h e  t r a n -  

s i t i o n a l  b e h a v i o r  o f  Q!l )  a n d  P().) .  T h e  e q u a t i o n s  o f  t h e  

n e x t  a p p r o x i m a t i o n  h a v e  t h e  f o ~ m  

0](1) 0](0) M-"  0](1) ojC~) + + + 

OIC o) 
+ [A (t) (q(O) __ w,(O)) + A (~ (q,(t)__ wi(1))] ~ + 

L aria/O) + A (~ (qic o) - -  w~(~ - -  ~ ~ - -  C (/m)/(o)) + 

+ c (1(.1(.) + c (fo>l(,)) + o _  FA(O) c .  _ o,,~ L , , w~(o)) 1(r) + 

+ A(r) (u i __ w~(O)) fo) __ A(O)w,Cl)](o) + 

+ B~} ~ al(~> n (~) ai(~ ] (3.11) 

0n'~) On(O) On(O)wi(1) 
oto + - o ~ (  + o~ O, 

{ O@ ~ a@~) + Ow~ (~) 
nCo)ra k - - ~ -  ~ + W W + 

+ w~(X) _ _  + w~(O) = ~ + 

(3.12) 

+ ran(O> [A m) (q~O) --w~(t)) + A (~) (q~<O) __ wi(O))l, (3 .13)  

00(o) O0 (1) 001"2) _1_ w~(O) O0 (1> . . . .  O0 c~ 
or, +-g/V + ~~ ~ - ~ - w ~ , - , ~ - =  

[oQ,'" o ;o> p2' 

+ @ roB(l) I q(O) __ w(O> 12 + 

4 roB(O) (q~(O) _ wi(O)) (qi(t) _ w~<r)) - + - g -  

_ 2A(t)o(O)_ 2ACo)o (1) , (3 .14)  

Po (1 - -  n (~ Vo) [ 0qi(~ Oqi(~ 0qc (1) \ n ( o )  _ _  + _ _  / 

,~(o)~ \--g/V + = ~ 0% Oto ] 

t 0H (l) p o ( l - -  n(~ OU 
= - -  mnm- ~ ax i ran<0) OX~ 

__ Act) (q~(O)_ wi(O)) __ A co) (qiCl)_ w~(O), 

0 o~ [n(~176 + (t  - -  nCO)vo) q~a) l = 0 .  (3 .15)  

E l i m i n a t i n g  t h e  s e c u l a r  t e r m s  in  ( 3 . 1 2 ) - ( 3 . 1 4 ) ,  a s  
to ~ ~o w e  o b t a i n  

On (~ n(o) m Owi(~ "Op~(~) 
Otz ~ O, Ot~ ~ Ox ~ ' 

~2 F 0Qi(r) Ow~(~ ] a0(o) , 

if ,  

(3 .16)  

a s  b e f o r e ,  w e  r e q u i r e  t h a t q ~ )  ~ 0 a s  t o ~ .  

w The qualitative characteristics of the relaxation processes in 
the system can be studied for a relaxation model of the collision in- 
tegral in exactly the same way as in [4]. Only the effects associated 
with the additional terms in equation (1.I) are of special interest, 
and in order to use the results of [4] we denote by f ,  the solution of 
(1.I) at A -= 0 and investigate the behavior of the function f -- f,. 
Adding (3.16) and the expressions that follow from (3.4)-(3.6) after 
elimination of the secular terms, we find the equations of hydrodynam- 
ics of the system previously obtained in [2]. 

After elimination of the secular terms as t o -~ ~ Eq. (3.11) leads 
to the third-approximation equation in the Chapman-Enskog method 
for starting equation (1.1). 

Thus, the procedure used to solve the kinetic equation (1.8) in [2] 
leads to the asymptotic solution of that equation as t 0-~ oo. 

For the relaxation model of the collision integral in the simplest 
case, following [4], we assume 

O(]])-- I(n, O) " (4.1) 

Using the above-mentinned expansion procedure for f = ], ,  we find 
f - - f .  

Thus, the relaxation processes for Eq. (1.17 in the zero-order ap-  
proximation coincide with the relaxation processes in the ordinary gas. 

As may be seen from (8.9) and the corresponding expansion for 
f,O), the transitional behavior of w! O, n (0  , and 0 O) will be the same 

- (~) o!~),  n(1) .  as that ot wi, , 

We denote by O the difference f i t )  _ ~ ( 0 .  Then, for ~ we have 

0~ ~p 
Ot---o + --To = A(0) (wi(~ - -  qi(~ i'(~ + 

o [ oic~ ] + ~ Aco) (u i_  ~,~o)) ](o> ~ B~) ~,~ 3, 

% = ~ (~(o), 0(o)), 

j (o) (to, h . . . .  ; u ,  a -x  x) = / ~  (h  . . . .  ; u ,  a-1  x)  + 

+ [/(~ tl . . . .  ; u ,  ( x - I x ) - - / M  (l l  . . . .  ; u ,  a- lx)]e  -fd** �9 (4.2) 

Now let  L be an operator acting on the function rio) on the right 
side of (4.2). The solution for q~ can now be written in the form 

~(to, h , . - . ; u ,  a-Xx) = 

= toe 4dn L (/o! ~ - - /M)  - -  *o (t - -  e -tr176 L/t,~, 

/0(0) = rio) (0, tx, . . .; u, a -x x) .  (4.3) 

As may be seen from (4.3), the relaxatinnal behavior of q is 
characterized by the number of the exponential approximation of 
to its asymptotic value. 

Using ~p and_ the results of [4], we can determine the transitional 
behavior of Q~)~ and p( l~.  Then structure of the corresponding e x p r e s -  

s ions is rather clumsy and accordingly they have been omitted. 
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